A method is proposed to generate an isolation for a plane curve, which is a set of boxes covering the curve, having the same topology as the curve, and approximating the curve to any given precision. The method uses symbolic computation to guarantee correctness and uses interval analysis whenever possible to enhance efficiency. This leads to a quite effective hybrid method for plane curve isolation.
INTRODUCTION
Let C f : f (x, y) = 0 be a real plane curve defined by a bivariate polynomial f (x, y) with rational numbers as coefficients. Determining the topology of C f is a basic problem in computational geometry and geometric modeling.
In this paper, we emphasize on computing an isolation for a given curve which is a set of boxes covering C f and having the same topology as C f which is a set of boxes covering C f and having the same topology as C f . Our method is new in the following aspects. First, the idea of segregating boxes for critical points of curves proposed in [1] and improved in [3, 5] is extended to isolating boxes for curve segments. We also propose an interval based method to compute such isolating boxes. Second, we introduce two methods to generate isolating boxes for curve segments without critical points.
The methods are implemented in Maple and experiments show that our approach is very efficient.
NOTATIONS AND DEFINITIONS
We use intervals to isolate real numbers: let Q denote the set of intervals of the form [a, b] where a < b ∈ Q.
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Let C f : f (x, y) = 0 be a plane curve where f (x, y) ∈ Q[x, y] is a square-free polynomial. We further assume that f (x, y) has no factors of the form
We will consider the part of C f in a bounding box
which is denoted as
For given f and B, we will compute a set BS of boxes satisfying the following properties.
C2 Two boxes B1 and B2 in BS are either disjoint or overlap at one of their edges, and in the later case, C f meets the overlapping part in one point.
C3 The region covered by the boxes, that is R(BS), has the same topology as C B .
A set of boxes BS satisfying the above conditions is called a set of isolating boxes, or simply an isolation. Furthermore, if each box in BS has size smaller than a give precision , then BS is called an -isolation for C B .
We will define these isolating boxes used in our algorithm. 
A box B is called an isolating box for C f if it satisfies one of the following conditions.
• C B is a singlemonotone segment curve segment with endpoints on the edges of B, as shown in Fig. 1(a) . B is called a type one isolating box of C f .
• B contains an isolated point of C f , as shown in Fig.  1(b) . B is called a type two isolating box of C.
• C B consists of a critical point P of C f and several monotone curve segments connecting P and points on the left or right edges of B, as shown in Figure 1(c) . B is called a type three isolating box of C.
Type three isolating boxes are used in [1, 3, 5] to count curve branches connecting to a critical point.
THE ALGORITHM
The first step of our algorithm is to isolate the critical points of C f . Let g(x) = Resy(f, ). Then, we use the method given in [2] to isolate the real zeros for the triangular system Σ = {g(x)h(x), f (x, y)}. Then we will compute isolating boxes for the curve near its critical points. All type two and type three isolating boxes will be computed in this step. Let Bi,j = [ai, bi] × [ci,j, di,j] be an isolating box for a root R = (α, β) of gh = f = 0. Since R is not on the edges of Bi,j, we have f (α, ci,j)f (α, di,j) = 0. While 0 ∈ f ([ai, bi], ci,j) or 0 ∈ f ([ai, bi], di,j), we refine [ai, bi] using a smaller precision. If 0 ∈ f ([ai, bi], ci,j) and 0 ∈ f ([ai, bi], di,j), then Bi,j is segregating. By the convergent property of the inclusion function, this step will terminate and give isolating boxes for C f after sufficient refinements. This interval based method to find the segregating box is new and efficient.
We now need to compute the isolation boxes for C B which is the part of C f in a box B[a, b] × [c, d] containing no critical points of C f . We will give two methods.
The first method is root isolation based method. We first divide [a, b] into n equal intervals with length smaller than a given precision . Let n = (b − a)/ + 1, t = b−a n , and ti = a + it, i = 0, . . . , n. Since B contains no critical points, for each x0 ∈ [a, b], line x = x0 intersects with C B in a fixed number, say m, of points. Let [ci,j, di,j], j = 1, . . . , m be the isolating intervals for the real roots of f (ti, y) = 0. Construct the following boxes for i = 0 . . . , n − 1, j = 1, . . . , m:
It is clear that C B ⊂ ∪Bi,j. So what we need to do is to refine the boxes such that they become isolating.
The second method is subdividing based method. 
where (3) is satisfied, then f (a, y), f (b, y) are monotone functions in y and f (x, c), f (x, d) are monotone functions in x. Thus, we can easily check whether C f intersects with the edges of S. For instance, let P = (a, c) and Q = (a, d) be two vertices of S. Then
To simplify the discussion, we assume that C f does not pass through the vertices of S. Since C f has no critical points, in order for S to contain one curve segment of C f , we just need to require that S intersects C f at two of its edges. If C f intersects with more than two edges of S. we continue to subdivide S. Now, we can give the algorithm to compute an -isolation for a curve C f . We first constructs the isolating boxes for the curve near critical points, and then computes the isolating boxes for the curve in the rest of the regions which contain no critical points of the curve. In order to satisfy condition C2 in the definition of isolation, we need further assume that each box generated by the second steps meets at most one of the boxes generated in the first step. Otherwise, we need further subdivide the boxes obtained in the second step. At last we combine all boxes together.
EXPERIMENTS
We implemented our algorithm in Maple. We only give the result of the third curve in Figure 2 to save space. Table 1 : Timings for curve isolation In the experiments, we use the root isolation based method to isolate the curve without critical points. Our current implementation of the subdividing method is slow. The reason is that the curve branches are very close to each other around the singularities and the program needs to do many subdivisions in order two separate the curves. We will try to improve the algorithm by using better termination criteria and better inclusion functions. 
